ON THE VECTOR VALUED FOURIER TRANSFORM AND 
COMPATIBILITY OF OPERATORS* 



IN SOOK PARK 

Abstract. Let G be a locally compact abelian group and let 1 < p < 2. G 
is the dual group of G, and p the conjugate exponent of p. An operator T 
between Banach spaces X and Y is said to be compatible with the Fourier 
transform F G if F G ® T : L P (G) <S> X -> L >(&') ® Y admits a continuous 

extension [F G , T] : [L p (G),X] -> [X p < (G'), Y]. J^T^ denotes the set of such 
T's. We show that TT^ xG = TT^ = FTf* G for any G and positive 
integer n. And if the factor group of G with respect to its component of the 
identity element is a direct sum of a torsion free group and a finite group with 
discrete topology then TT G = TT 1 ^ . 



1. Introduction 

A locally compact abelian group means a topological abelian group with its 
Haar measure whose topology is locally compact Hausdorff. The real line R, 
the discrete group of integers Z and the circle group T are important exam- 
ples. Further information can be found in [3], [3] and Let G be a locally 
compact abelian group and G its dual(charactor) group, the Haar measure of 
G is determined so that Parseval's identity is established with constant 1. For 
1 < r < oo, we denote by [L r (G, n&),X] the Banach space of all measurable 

functions f : G — > X for which ||f|L r (G)|| := ( J G ||f(s) || r d/j<&(s) ) is finite. Let 

G be a fixed infinite locally compact abelian group and 1 < p < 2. F G denotes 
the Fourier transform from L P (G) into L i(G ). For a bounded linear operator T 
between Banach spaces X and Y, 



F G ® T : ^ / fe ® x fc ^ ^ F G / fc ® Tx, 



fc=i fe=i 



yields a well-defined map from L P (G) ® X into Zy (G) ® Y". T is said to be 
compatible with F G or have G- Fourier type p, if the operator F G ® T : L P (G) ® 
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X — > L /(G ) £g> K admits a continuous extension 

[F G ,T]:[L p (G),X]^[L p ,(G'),F]. 

For such T, we let 

\\T\FT G p \\ := \\[F G ,T] : [L p (G),X] -> [ly(G'), Y]||. 

The norm defined above is invariant under changing the Haar measure of G. The 
class of these operators is a Banach ideal, denoted by TT v . The definition and 
notation follow those of [TU] . 

It is known that J^Tj = TT % V = J^Tj [TU], but the problem whether the 
operator ideal TT^ depends on G or not is unsolved. There are several results 
about FTp , the class of Banach spaces whose identity operators are compatible 
with F G . And these are immediately extended to the case of JFT^ by replacing 
the identity operator on a Banach space X with T. Peetre |§] who introduced 
the concept of Banach space of Fourier type p proved that X belongs to FTp if 
and only if the dual space X' belongs to FTp\ In fact, T belongs to JFT^ if and 

only if the dual operator T' belongs to JFT^ i.e. || T [FTpW = \\ T' \TT G p || for 
any locally compact abelian group G. Bourgain showed that FTj C FTp and 
Konig [Z| modified Kwapien's argument jEJ to show that FTp = FTp and extended 
this to that FTp = FTp if G is one of IR m and T m , where m is a positive integer. 
Garcia-Cuerva, Kazarian and Torrea [3] and Andersson pQ showed independently 
that FT J = FT J whenever G is one of T m , T°°, R m , Z m and Z°°. Andersson jfj 
also proved that \\Ix\^FT^ \\ < \\Ix\J-TzW when EI is an open subgroup of G, and 
that FT^ = FTp if E is a nontrivial torsion free abelian group with the discrete 
topology. 

In this paper we characterize jFTp partly as follows. In Section 2, we show 
for every locally compact abelian group G that || T |jFTp X<G || is equivalent to 
|| T \TTf% and || T |jFTf xG || = || T |.F7j xG ||. The Cartesian product means 
the direct sum. By applying these, we easily obtain some results in the above 
paragraph and the relation j- T = j- 1 p tor any nonnegative integers 

k, I, m with k + 1 + m > 1. In Section 3, we combine the results of Section 2 with 
the properties of a locally compact abelian group to show that TTf xZ ' xF = TTl 
for any compact abelian group F with finitely many components. And we show 
that if G = R k x [torsion-free group with discrete topology] x [compact group with 
finite components] then jFTp = TT^. If the factor group of a locally compact 
abelian group G with respect to the component of the identity element is in the 
form of [torsion-free group] x [finite group] with discrete topology, then we have 

J~ 1 p 1 p . 

From now on, X and Y are Banach spaces and T : X — ► Y is a bounded 
linear operator. We denote the dual group of G by G . But we use the fact that 
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R = R and Z = T. We use the abbreviation LCA for 'locally compact abelian'. 
The term 'isomorphic' means 'topologically and algebraically isomorphic'. The 
integral for a vector valued function is the Bochner integral. 



2. Classifying TT^ via direct sum. 

First we observe that the proof in |3] of the fact FT^ = FT^ can be modified 
to yield the following: 

Proposition 1. For any LCA group G, we have the inequalities 
|| T(<F7 «xG|| <||T|^Tf G || < |||T|^Tf G ||, 

and hence 

Proof. For arbitrary 5 > 0, let 



where the summation is over Z, g m is an X-valued simple function on G and 
gm = except for finitely many m. Note that the set of all X-valued functions 
of the form of f is dense in [L P (M x G),X]. We compute 

||f|L p (RxG)|| = ( f ll^X^-^^rn^^sUtWdsdty 

JRxG m 
= S'(f J2hm(t)\\ P dtf. 



(1) 



Since js{m-lji) ex P(^ ss ) ds = exp(imds) —j^r-, we have 



Tf(s,t) = / V'Tg m (t)x [l 5 (m _i ))a(m+ i ) ](s)exp(iss) (t,t)dsdt 
Jg Jr m 

f . ~ sin(-s) 

= / } Tg m (t) (t,t) exp(i5ms) — r^—dt. 



Hence 



II [F 



sin(|s) 



• T]f\\ P = \\ TTg m (t)(t,t)ex V (i8ms)^l^dt 

Jg' Jm. 11 Jg m 2 s 

= 5P ' I I \ l y2 T Srn(t)(t,t)ex P (z5m~s) Sm " S] ' '' ' 
Jg' Jtt Jg m 



p 1 ,~ 
— (is at 
2tt 



2* 



2tt 



■ds dt 



-i 




sin(|s) ip' 



^2 (E T Sm(t) X{m}(k)) (t, t) exp{iks) dt 



k m 



5 P 




sm(~s) ip 



tS — nn \ 



<5v- l \\T\FTf G Y { [ J2hm(t)\\ P dtV 



' 1 



[F ZxG ,T]QT g wX{m} )|r — ctfcft" 



||T|^Tj xG f || f |L p (Rx 



by©, 



where we used the inequality Yl n I g-n^- l P — ^ ^ or an y rea ^ s niT an d 2 < p < 
oo, see jSJ. 

Therefore we have || T |^Tj xG || < || T |^Tf G || and ^Tf G C ^Tj xG . 

For the right inequality let f(k, t) = Ylm Sm(t) X{m}(k) where g m is an X- valued 
simple function and g m = except for finitely many m. By density argument 
it's enough to consider f of the above form. Now we have 



||f|L p (ZxG)|| 



(2) 



E ll *{«>(*) f * 

J2\\g m (t)Fdt) lp ; and 



Tf(s,t) = /E (E T Sm(t)X{m}(A;))exp(is/ ! ;)(t,t) C ?t 
^^Tg m (t) exp(ism) (t, t) dt. 



We use the identity, exp(mis) = / R si £{? /2) X[m-i/2,m+i/2](s) exp(iss)ds, to ob- 
tain the following inequality: 



||[F ZxG ,T]f|| p 



II / VTg m (t) / . v X[m-i/2, m +i/2](g) exp(iss) ds dt 

/ / 5^ T gmWx [m _i m+ i]0) exp(ias) ds dt 
JgJr ~ 



2tt 




< 



2tt y G / J.,, lsin(s/2) 



I 5/2 I 7T 

( because ; — — - < — tor — n < s < n ) 

K lsin(S/2)l - 2 - - j 

^ GD' X L WLL E T g-(*)^,m + |](«)(*,*) exp(is S )dsdt 
(|) p, || [F Rx G)T](EgmX[m _ §m+i]) | r ' 

II T l-FTf G f' || $> mX[m _i, m +i] |A,(R x G)|| p ' 

m 

r - 

J2s m X [m -i, m+ i ] \L P (RxG)\\ = ( / J2\\Sm(t)\\ p dty p ) 

m ^ G m 

I 

||T|^rf G r'||f|L p (ZxG)r' by©. 



ds dt 



ds dt 



ds dt 



"K\P 

< .2 



since 



Therefore we have || T |^Tf G || < f || T |JTj xG || and ^Tj xG C ^Tj xG . 
This completes the proof of Proposition ^ □ 

According to Theorem 6.3 of [3], for any LCA group G and operator T, 
|| T l-FTpH = || T' \FT g || . By applying this property, we have the following: 

Proposition 2. For every LCA group G, .FT{f xG = FT T p xG . 
Proof. By Proposition ^ we have 

I| T |^ t mxG|| = || T ' |^ r jxG' || < ||t'|^? xG '|I = ||T|^TJ XG ||. 

Similarly 

|| T |^ T TxG|| < ^|| T |^ r J xG ||. 

□ 

From Proposition □ and H we conclude that FTf xG = FT^ xG = J^Tj xG for 
every LCA group G. And we have the following two corollaries. 

Corollary 3. ^Tj" = Tlf = TT^ for every integer n > 1. 



Proof. By Proposition^ we have 



We continue this to obtain 



txZxR" 



p — -T 1 p — — 

Similarly we apply Proposition El n times to obtain 

FiT = ttT. 



FT?- 



. = Tl p x for every LCA group G. 



Corollary 4. TTf xG = 

Proof. The proof is similar to that of Corollary El 

Lemma 5. For every LCA group G and every positive integer n, 



□ 



□ 



and therefore TT\ 



T\TT. 



ZxGi 



Proof. Let f (A;, t) = ^2 m gm(t) X{m}{k) , where g m is an X- valued simple function 
on G and the summation is on a finite subset of Z, then 



|f|L p (Z x 



We have 



[F ZxG ,T]f(§,t) = f V(VTg m (t) X{m} (fc))exp(z5A;)(t,t)rft 

J ® k m 



and 



T 11 JG 



^(^Tg m (t) X{m}(k)) exp(isk) (t,t) dt 

k m 

I I I \\ (E Tgm W^w( fc )X{o}(0) exp(isk) exp(i^) (t,t)dt 

Jg'JtJt»Jg w m 

Yl \\J2 gm ^ X{m}(k)X{o}{l)\\ P dt) " 



ds dt 



ds d^ 



< \\T\TT: 



k,l m 



T\Flf* G f{ / J2Ws m (t)\\ P dt) P 



so \\T\FT^\\ < \\T\FT' p 



Z 2 xGi 



Conversely let 

f(fci,A&,t) = ^2gh,h(t) X{h}(h) X{h}( k 2)> 
where the summation is on a finite subset of Z x Z, then we have 



(3) 



||f|L p (Z 2 xG)|| 



Since [F z2xG , T]f(s 1; 5 2 ,t) = / G £ Wa Tg hjh (t) exp(™xh) exp(i§ 2 l 2 ) (t,t) dt we 
have 

(4) 



T]f|| 3 



/ / / / y2 T Sa,h( t ) exp(isi/i) exp(2s 2 / 2 ) (t,t)dt 
( we let A = 2 max{!i} + 1 ) 

S<i,Ja(^) ex p(^5i/i) exp(is 2 ^4/ 2 ) {t,t) dt 




ds\ ds 2 dt 



dsi ds 2 dt 



/ / / / y^ T& i^^ exp(isiZi) exp(i(si + s 2 )Al 2 )(t,t) dt 
Jg' JtJt 11 Jg i l 

/ / / II / yZ r ©i.«a(*) ex P(^i( Z i + A/ 2)) exp(zS 2 A/ 2 ) (t,t) 
J g' JtJt "Jg 1 l2 

If III y2 T (Sh,h(t) exp(iS 2 Al 2 )) exv{ih(h + Al 2 )) (t,t) dt 
JtJg'Jt "Jg , , 

[F ZxG ,T](J2(ShM(t) exp(i~s 2 Al 2 )) X{ i 1+ Ai 2} \\ P 'd§ 2 



dsi ds 2 dt 



dsi ds 2 dt 



dsi dt ds 2 



h,h 



T\7T**g\\p'( llBi,fa(*) exp(is 2 Al 2 )\\m 



h+Ah 



\\T\FTf G \\P( / \\ShM(t)\\ P dt) 



< 



h+Ah 

= ||T|^rf G r'( f J2\\shM\\ p dt) 

Jg h,h 

= \\T\FT^ xG \\ p '\\i\L p (Z 2 x G)|| p ' 
so it follows that || T \FTf xG \\ < \\ T \FT ZxG \ 



v lv 



dsn 



V lv 



V lv 



by©, 



Therefore we have || T |jFTp 2xG || = || T | J"Tj xG || . A simple generalization 
yields, for all positive integers n that 

(5) ||T|FTf xG || = ||T|^Tj xG || 

hence that Flf xG = FTf G . □ 
Remark 1. In fact, a dissipative group A satisfies the property that || T l-FTf" ; " 



T |^-"Tp XG || for any positive integer n and for any LCA group G. The definition 



v 



v 



and properties of a dissipative group are introduced in jlj . The idea of the proof 
of Lemma El goes back to [I] . 

Corollary 6. || T |^Tf xG || = \\T\FT T p xG \\ and so ^Tj" xG = ^Tj xG . 
Proof. This follows from Lemma |S] and a duality argument. □ 
Proposition 7. Let M beR, Z or T, and G 6e an LCA group. Then fTf nxG = 

-pq-ZxG f()r 

any integer n > 1 . In particular, T7 " = FT"^ . 

Proof. It follows from Corollary H and Lemma that FT^ xG = FT%* G . And 
if G is the trivial group then we have TT ™ = Tl '. □ 

Notation: From now on, when H is R, Z or T we denote TT^ by TT p . 

Corollary 8. JFT^ xZ xT = TT p for any nonnegative integers a, 6, c with 
a + b + c > 1. 

Proof. Without loss of generality we assume a, 6, c > 0. By applying Proposition 
we have 



□ 



Theorem 9. Let G 6e an LCA group then .pry"* 2 ** 1 "* 6 = fT^ xG for any 
nonnegative integers a , b , c u>zin a + 6 + c > 1. 

Proof. By Proposition [7| we have 



^rvT-IR a xZ i 'xT c xO _ <p>y1 1+b xT c xG _ r-f^+'xG _ -pj-ZxC 



□ 



3. Search for G satisfying JFTj = .FT^ and Further classification. 

We notice that to solve the problem of deciding whether JFT G depends on G, 
we should solve that problem on the compact abelian groups since any compactly 
generated LCA group is a product of finite number of R's and Z's and a compact 
group jS] . The dual group of a compact group has the discrete topology [T2| . More 
over if G is a compact abelian group then G is connected iff G is tortion-free j^j- 
This fact gives a clue to the results in this section. 



First, we introduce Weil's formula which factorizes an integration on G into 
double ones on a closed subgroup and its factor group. 

Theorem 10. |TI] Let G be an LCA group and H a closed subgroup. Then there 
are Haar measures /iq, fim and fitam such that 

(6) f f(a)d w (a) = / ( / f(s + h)d m (h))d, G/B (s + U) 
Jg Jg/w Jw 

if f is a compactly supported continuous Banach space-valued function or a non- 
negative lower semi continuous function on G. 

In Theorem [TUl if any two of fiQ, /xh and fiQfa are given then the third is 
determined so that the statement holds. 

Andersson jT] obtained the inequality, || Ix \TT^ || < || Ix |.FT^||, where H 
is an open subgroup of an LCA group G and Ix is the identity operator on a 
Banach space X. By replacing Ix with a bounded linear operator T : X — > Y in 
the proof of P, we have the following: 

Proposition 11. Let M be an open subgroup of an LCA group G then we have 

(7) ll^l^pll < \\T\FT®\\. 



Now we consider torsion-free LCA groups with the discrete topology. 

Corollary 12. For any non-trivial torsion-free LCA group E with the discrete 
topology, 

(8) l|r|^Tj|| = \\T\FTl\\. 

Proof. The proof is similar to that of FT^ = FT^ in jjj : Since Z is isomorphic 
with an open subgroup of E, by applying (JJJ) we have || T \TT^\ < \\ T \TT p ||. 
On the other hand for any A-valued simple function f defined on E which has 
finite Lp-norm, f is non-zero only on a subset of an open subgroup which is 
isomorphic with Z fc for some positive integer k. Therefore we have 



| [F E ;T]f| | p , ||[ F ^ r] f|| 2 



l|f|L p (E)|| ||f|^ P (z fc ; 

and hence 

\\T\FTl\\ < sup \\T\FTf \\ = \\T\FT; 



Thus the equality (jHJ) follows. □ 
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Lemma 13. Let H be a closed subgroup of an LCA group G such that G/H is 
finite. If n is the cardinal number o/G/H then 



(9) \\T\FTf\\ < \\T\FT^\\ < || T\FT™\\ ■ n 1/p , 



hence TT G p = FTf 



Proof. Since G/H is finite, H is open and by the inequlity (|ZJ) we have the left 
side. The proof of the right side is as follows. Let us choose s% , S2 , s n in G 
such that G/H = {s± + H , S2 + H , s n + H}. The measure of G/H is the Haar 
measure of unit mass. By applying Weil's formula, for any compactly supported 
continuous X-valued function f on G we have 



/ \\i{sWd m {s) = [ ( f \\f(s + h)rd m (h))d, G/B (s + M) 
Jg Jg/m v Jm ' 

(10) n 

= E" / \m + h)\\ P d m (h) 

i=l n J w 



and 



[F G ,T]i(a) = J2-( / Tf(s i + h)*( Si + h)d m (h) 
i=1 n v Ju 

= E — (/ Tf(s i + h)a(h)d m (h)) 



for (7 6 G'. The dual group of G/H is isomorphic with the closed subgroup 
B 1 = {xGG'| x(h) = 1 for all h 6 H} and G'/H 1 - is isomorphic with H'. Here 
the cardinal number of H 1 - is n, the measure of H^ is the counting measure which 
make Parseval's identity clean with constant 1 and we write H as {fji , 772 , fjfo,}. 
[F G ,T](f) belongs to [C (G'),Y\, so F-norm of [F G , T](f) is continuous and by 
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Weil's formula we have 



|[F G ,T]f|| = ( / / Tf(s i + h)a(h)d m (h)\fd (a + M^) 



n n 



1 I 

n I 



3=1 i=l 

I It —4 n 71/ /* ' 

^ / Ell / Tf( Sl + h)a(h) d m (h) P d (a + M^)) 

1 ~l n k Jm' j=1 11 Jm 



p/p i 



Tf(s l + h)a(h)d m (h) ) p/ % h > + H 

p/p i i/p 



£ 

i=l 
n 



-n 



p/p 



n 



Ti( Sl + h)a(h) d m {h) 



d,, (a + H J 



p/p 



i/p 



< [j2- nP/p \\ T \^ T y{ \\f(si+hwd m (h) 



i=l 



1/p 



n 



i/p iiTi^r^iiiifiL, 



We used Minkowski's inequality in the third line. 



□ 



Proposition 14. If¥ is an infinite, compact and connected LCA group then for 
any nonnegative integers a , b, there exist c(a, b) , C(a,b) > such that 

c{a,b) || T\FTl\\ < \\T\FTf xZb * ¥ \\<C(a,b) \\T\TT?\\. 



Therefore we have FTf axZ " xV - .., , ,,. 



TT n . 



Proof. If a = b = then by applying (jSJ) we have \\T' ' \TT\ || = \\T'\TT%\\ 
where F' is the dual group of F and hence a nontrivial torsion-free group with 
the discrete topology. Therefore it follows that 



(12) 



T \TTl 



T' \FTl 



TlTTl 



and 



T7\ = TT p . 



If a + b > 1 then by applying Theorem El and Corollary HJ we have 



l a xZ"xF 



TT 



TxF 



and in fact 



c(a,b) ||T|.FT^|| < \\T\TT- 



'xZ"xF| 



< C(a,b) \\T\TT\ 



TxFi 
P 



for some positive reals c(a,b) , C(a,b). Here c(a,b) = (^) ab , C(a,b) = 1. Note 
that T x F is connected and compact. Thus we again have 



T\TT 



TxFi 



T\TT T V \\ by (HI. 



□ 



n 



If F has only finitely many components and C is the component (maximal con- 
nected set) of the identity element then F/C is finite and we have the following 
result. 

Theorem 15. Let F be an infinite compact LCA group with n components. Then 
for any nonnegative integers a , h, there exists c(a, b) , C(a, b) > such that 

c(a,b) \\T\FT T p \\ < || T |^Tf xZ " xF || <n l ^C{a, b) \\T\FT T p \\. 

And therefore xz*xf = ^ Tp . 

Proof. Let C be the component of the identity element of F then the factor group 
(R a x Z b x F)/ (R a x Z b x C) is a finite group with n elements. Thus by Lemma 

EH 



and 



rp |jp2~IR a xZ b xC|| <- || rp |^ r ^"R a xZ f, xF|| < ^l/p || |^r^"K a xZ f, xC| 



Then the statement follows from Proposition 1141 □ 

This Theorem can not say anything about the case when F has infinitely many 
components, because of the factor n}' p . 

Theorem can be extended when our scope goes beyond the boundary of 
compactly generated LCA groups. 

Theorem 16. Let E be a nontrivial torsion free group with the discrete topology 
and F an infinite, compact and connected LCA group. Then for any LCA group 



and 



T |^-"7" Ex( ^|| || T |^ r '7' Zx ® | 



T |^ r T Fx(G || — || T | i 7^7" Tx(G | 



If ¥ is a compact LCA group with n components then for any nonnegative 
integer k there exist c(k),C(k) such that 

c(k) ||T|JRTj xG || < \\T\FTf x Ei x^x G || <n m / p 'c(k) ||T|.FTj xG || 



and hence 



-rv7-R fc xE ! xF m xG _ rflxG 



where I, m — or 1 and k + I + m > 1. In particular if G is the trivial group 
then 

Proof. First, Z is isomorphic with an open subgroup of E, and then Z x G is an 
open subgroup of E x G. By applying © we have || T \TT^ G \\ < || T \FT% xG \\. 
Conversely, for any simple X-valued function f which is defined on E x G and has 
finite Lp-norm, the support of f is a subset of Z fc x G for some positive integer 

12 



k. Therefore by LemmaElit follows that || T |FT£ || < sup fc \\T\FT; xfc || = 
1 1 T | FT^" x 1 1 

Second, from the duality argument it follows that 

|| T |FT FxG || — || T' |^7" F ' xlG ' || — || i^r^xG' ii _ || rp i^r^Tx^n 
The rest follows by applying the above two results, Proposition^ Eland Lemma 

M □ 

Remark 2. If G is an LCA group and C is the component of the identity of 
G then C is a closed normal subgroup of G and the factor group G/C is totally 
disconnected and Hausdorff. From (24.45) of [5], if C is open then G is isomorphic 
with C x (G/C). In particular C is open when G is locally connected. Hence to 
solve the question, denoted by (P), whether || T \TTz || is equivalent to || T |FTj || 
or not, it is useful to find C and G/C. Since C is isomorphic with W 1 x IK, where 
n is a nonnegative integer and K is a compact connected group, see Theorem 
9.14 of[5j, the answer for (P) is affirmative when G/C is good. 

Theorem 17. Let G be an LCA group with n components. Then there are 
positive real numbers c and C such that 

(13) c || T \FI^\\ < || T | .FT? 1 1 < n 1/p 'c || T |FTj|| 



and hence TT^ = FT ' p . 

Proof. Let C be the component of the identity, G/C is a finite LCA group. Hence 
by Lemma CHI we have || T |FT£|| < || T |FTjf|| < n l l p ' \\ T |FTj||. And C is iso- 
morphic with IR fc x K, where k is a nonnegative integer and K is a compact 
connected group. K is trivial or infinite. If K is trivial then by applying Propo- 
sition |21 it follows that 

c\\T\ttf\\ < ||T|FT^|| <C\\T\nf\\ 

for some c, C > 0. And by (JH, || T |FTjf || = || T |FTj||. Thus we have 

(14) c || T |FTj|| < || T |FTj|| < C \\T |FTj||. 

If K is infinite, we also have (fT4^) by Proposition El Therefore the inequality 
(JI3J) follows, and FT^ = FT P . □ 

Theorem 18. IfC is the component of the identity of an LCA group G and G/C 
is a ( nontrivial torsion free group ) x (finite group with cardinal n ) with the discrete 

topology, then \\ T |FTj|| < || T |FTjf || < n 1 '* \\ T |FT^ xZ || and FT^ = FT P . 

Proof. We have that G is isomorphic with C x (G/C) because C is open. We can 
apply Proposition II II and Theorem ITol to obtain this theorem. □ 

As for the class of Banach spaces which has Fourier type p for an infinite LCA 
group, we have the following: 
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Corollary 19. i) Under the same conditions as Theorem frol we have 



prp]K"xE ! XF"' _ prj 



ii) Under the same conditions as Theorem 



FTp = FT p . 
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